Abstract-This paper is concerned with the problem of fault detection and isolation (FDI) for discrete-time switched systems under an arbitrary switching signal. A family of fault detection and isolation filters is designed. In virtue of the frequency of the faults in a given range, the finite-frequency − performance for the switched system is firstly defined. Based on a switched Lyapunov functional approach, a procedure of FDI filters synthesis is established by Linear matrix inequalities (LMIs), and the filter gains are characterized in terms of the solution of a convex optimization problem. A numerical example is used to demonstrate the effectiveness of the proposed design method.
I. INTRODUCTION
In recent years, the fault detection and isolation (FDI) techniques for the control system have been received interest due to the higher demands for safety and reliability of control systems(see [1] - [3] ). The classical observers or filters fault detection and isolation scheme is to construct observers or filters to generate the residual signal. Among the proposed techniques, there have appeared a number of results which depend on the linear matrix inequalities (LMIs) techniques, such as robust ∞ approach [3] , the sensitivity of fault approach [4] , ∞ / − approach [5] . On the other hand, switched systems have attracted more and more attention in the field of hybrid dynamic systems e.g. [6] , [7] . The motivation of studying switched systems comes from the facts that many physical plants exhibit the switching feature between multi-models, or the multi-controllers with a suitable switching rule are needed to overcome the shortcomings of the single controller, or to deal with some complex tasks. Several approaches have been proposed such as the multiple Lyapunov function approach [8] , dwell-/average dwell-time approach [9] , [10] , switched Lyapunov function approach [11] , etc.
As the above proposed, the fault detection and isolation for switched system is more important. However, the problem of FDI design in switched systems is still in the early stage of development and many issues remain to addressed and challenging. [11] designs a set of robust fault detection filters for discrete-time switched systems using weighting function matrices. However, it should be pointed out that isolation of fault is more significative problem to be considered. In addition, when the certain frequency range of the fault for each subsystem is known, these frequency weights are approximative, which can not provide the accurate characteristics of the finite frequency fault for each subsystem. To the best of our knowledge, the problem of FDI filters design for discrete-time switched systems has not been investigated yet, which has great potential in practical application. This paper is concerned with the problem of the FDI filters design for discrete-time switched systems under an arbitrary switching signal, and the frequency-range of the fault for each subsystem is assumed to be in the finite-frequency region and known beforehand. The proposed FDI architecture consists of a bank of FDI filters, which is divided to groups as the subsystems. Different form the classical methods, the finite frequency 2 performance for switched systems is introduced to compute the finite-frequency fault attenuation performance for the switched systems, and the finite frequency − performance for switched systems is firstly proposed to acquire the fault sensitivity performance. Thus, the finite frequency characteristic of the faults for each subsystem is characterized in this paper, avoiding inaccuracies associated with frequency weights.
The paper is organized as follows. Section 2 introduces the problem under consideration and presents the design objectives. Section 3 illustrates the FDI filter design approach. The thresholds are given in section 4. An example is given in Section 5 to demonstrate the proposed method.
II. PROBLEM FORMULATION
Consider the following discrete-time switched linear system:
where ( ) is the state, ( ) is the measured output, the switching signal ( ) : 
where the index ∈ N is the number of the group FDI filter. ( ) is the state of the -th group filter, ( ) is the ℎ residual generator. the matrices , , and of appropriate dimensions are to be determined.
Combining (1) and (2), the augmented switched systems can be written as
, and
The frameworks of FDI filter design: given the switched linear systems (1) under arbitrary switching signals, the FDI filers (2) are designed. A bank of FDI filters is divides into N groups which is the number of the subsystems of switched systems. Each group contains N filters which switch with the same switching signal of the switched systems (1). The FDI filters belonging to one group are devised such that the augmented model (3) is asymptotically stable, the disturbance of each subsystem effects on the residual signal are minimized, and the fault effects on the residual for non-corresponding subsystem are minimized, while the fault effects on the residual for corresponding subsystem are maximize.
Before ending this section, we introduce the following definitions.
Definition 1: Given the scales , the augmented system (3) ( = ) under zero-initial conditions with ( ) = 0 satisfies the finite-frequency − performance, which is expressed as the inequality
∈ N, if the condition for the low-
holds. Definition 2: ( [12] ) Given the scales , the augmented system (3) ( ∕ = ) under zero-initial conditions with ( ) = 0 satisfies the finite-frequency 2 performance, which is expressed by the inequality
olds.
III. MAIN RESULT

A. the disturbance attenuation condition
Considering the augmented system (3) with ( ) = 0, , ∈ N, we havẽ
The following lemma is essential for Theorem 1 of this paper.
Lemma 1: The following conditions are equivalent:
2) There exist symmetric matrices matrix ℎ , and matrices such that
Proof: Due to the space limitation, the proof is omitted here.
Theorem 1: Given the scales , the system (5) under arbitrary with switching signals is asymptotically stable, and the performance
is guaranteed, if there exist matrix variables,
where
Proof: Firstly, consider the asymptotical stability of the systems (5) with ( ) = 0 and choose the Lyapounov function
where is the positive define symmetric matrices.
If the inequality˜ℎ˜− < 0
holds, the system (5) is asymptotically stable. Using the Lemma 3, (10) holds, if
with partition as
Hence, if (9) holds, the system (5) with ( ) = 0 is asymptotically stable.
On the other hand, to analysis the disturbance attenuation condition of the augmented systems (5), the following index is introduced =
. where is an arbitrary positive integer. For any nonzero ( ) ∈ 2 [ 0, ∞) , and under zero-initial condition˜0 = 0, one has
where Δ | (5) defines Δ along the solution of the system (5) under arbitrary switching signals. Then
Apply Projection Lemma, (13) holds if and only if
where is the variable matrix as (12) . After some matrix manipulation, (13) becomes (9) . Hence the condition (9) hold, which implies < 0. Then, one has that for any
B. The fault attenuation condition
Considering the augmented system (3) with ( ) = 0, , ∈ N, ∕ = , we havẽ
Theorem 2: Given the scales , the system (5) under arbitrary with switching signals is asymptotically stable, and guarantees the performance
if there exist matrix variables
into Lemma 3 of [12] , we can obtain the finite-frequency 2 performance (15) if the condition (16) holds by the similar way of the Theorem 1.
C. The fault sensitiveness condition
Considering the augmented system (3) with ( ) = 0, , ∈ N, = , we havẽ
The following lemma is essential for Theorem 3 of this paper.
Lemma 2: Supposed that the system (17) are asymptotically stable. Given the scale , the system (17) guarantees the finite-frequency − performance
.
Proof: Pre-and post-multiplying (18) by
Sum (19) for from 0 to ∞. Due to˜(0) = 0, lim
Since ≥ 0 is equal to (4) . Owing to > 0, then [ ] ≥ 0. Hence, if the condition (18) holds in the low-frequency range, the finite-frequency − performance for the switched systems is guaranteed.
Theorem 3: Given the scales and the matrices 1 , 11 , 12 , 2 , the system (17) under arbitrary with switching signals is asymptotically stable, and guarantees the performance
holds, if there exist matrix variables
Proof: In view of Lemma 4, substituting
into (18). Similar as the process in Theorem 1, we obtain the finite-frequency − performance (21) holds if the condition
where partition
], and
But this condition is non-convex, owing to the product terms −˜˜, −˜˜2, −˜2˜, −˜2˜2. To solve this problem, the condition (23) can be obtained using Finsler's Lemma,
] . Partition 1 , 2 , respectively, as
where 1 is an given matrix of appropriate dimensions. After some matrix manipulation, (23) becomes (22). Hence for any nonzero ( ) ∈ 2 [ 0, ∞) the augmented system (17) satisfies the finite-frequency − performance.
D. Algorithm
Choose 1 , 11 , 12 , 2 , ∈ N in Theorem 3, then the conditions (9), (16) and (22) are all convex. Hence, the problem of FDI filter design can directly translate into the following optimization problem:
where and are the weight coefficient. The gain matrices , , and defining the filters can be derived by the means of a standard procedure. Denoteˆ,ˆ,ˆ,ˆ, as the optimal solution of (25), then
=ˆ.
IV. THRESHOLDS COMPUTATION
As proposed in [13] , the residual evaluation function ( ) can be chosen as
where denotes the evaluation time step. Isolation threshold is considered for the th residual signal . When the th fault signal is equal to zero in [0 ], one has that
Consequently, the occurrence of faults can be detected by the following logic rule. { ∥ ∥ ≤ ℎ , the th subsystem no alarm ∥ ∥ > ℎ , the th subsystem with alarm
V. EXAMPLE
Consider the discrete-time switched system (1) consisting of two subsystems with parameters [ To illustrate the simulation results of the fault detection and isolation objective, the disturbances for each subsystem are 1 ( ) = 0.8 cos(0.53 ), 2 ( ) = 0.6 sin(0.9 ), respectively. The switching signal is generated randomly and shown in Fig 1. Consider the case (1) that the fault for the 1 subsystem with the unit amplitude occurs from 40 steps to 80 steps. Fig 2 shows the evolution of the residual evaluation function 1 , 2 . The simulation results show that 1 > ℎ 1 for = 48, which means that the fault 1 ( ) for 1 subsystem can be detected 8 steps after 1 subsystem is activated at 40 steps, while 2 < ℎ 2 for all steps. Hence, the fault for 1 subsystem can be detected and isolated.
Consider the case (2) that the fault for the 2 subsystem with the unit amplitude also occurs from 40 steps to 80 steps. Fig 3 shows the evolution of the residual evaluation function 1 , 2 . The similar results also can be received.
VI. CONCLUSIONS
In this paper, the FDI filter design problem for discretetime switched systems has been investigated. Firstly, the finite frequency fault attenuation performance indexes are directly considered, and the finite frequency fault sensitivity performance indexes for the switched systems are firstly proposed. Subsequently, sufficient conditions for satisfying certain performance indexes are established by LMIs, and the filter gains are characterized in terms of the solution of a convex optimization problem. Finally, an example is given to illustrated the effectiveness of the proposed method. 
